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ABSTRACT 
 

In this paper, position control and reduction of vibration of a 3D flexible L-shape mechanism 
has been achieved through the synthesis of a constrained Model Predictive Control (MPC).  
A finite element model, based on the equivalent rigid link system (ERLS) theory, is used in 
order to describe accurately the dynamic behaviour of the system. The model has been 
validated through the experimental tests. In order to apply the constrained MPC control on the 
mechanism, a linearized model which takes gravity force into account is derived as well as a 
Kalman state estimator. The effectiveness and robustness of the control system has been 
evaluated and discussed through several tests. Furthermore, the performance of the MPC 
control has been compared with the performance of classical industrial control (PID). 
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1 INTRODUCTION 

Modelling, analysing and controlling of flexible 
mechanisms have been under investigations for about four 
decades. Moreover, the consequence of accurate modelling 
and controlling the phenomena of mechanical vibration in 
flexible mechanisms is designing and fabricating lighter 
robot manipulators, which is a very important factor of  
lower operation cost and as well as high operation speed. 
Several studies have been done in order to define and 
present a precise mathematical model for flexible multi-
body systems. These studies have started with investigation 
on a single flexible-link mechanisms, after with 
consideration flexible multi-body mechanisms in a planer 
and finally flexible mechanisms in the spatial environment 
[1–5].  The most used and adopted methods for modelling 
the flexible mechanism includes the usage of discretization 
methods such as finite element method (FEM) with the 
purpose of presenting dynamics models using a finite 
number of elastic degree-of-freedom. Models of such a 
kind, providing a nodal representation of the mechanism, 
have been proposed. Some author have also proposed 
description of flexible mechanisms making use of modal 
coordinates in place of physical coordinates.  [6–9] 
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The available literature on model-based control strategies 
for flexible-link mechanisms is often the result of 
application of modal dynamic models, and less frequently 
on finite element-based models. Comprehensive reviews of 
the large number of available works can be found in [5] and 
[10].  
Either linear or nonlinear control schemes have been 
developed. Linear control schemes have been utilized 
mostly.  Some notable examples are robust control by 
Caracciolo [11] and sliding mode control by Kurode [13]. 
Also several works have proposed the use of Model 
Predictive Control (MPC) as an effective and suitable 
solution to the problem of damping vibration in flexible 
link mechanisms and structure. An experimental validation 
of MPC as position and vibration control is available in 
[20]. The mechanism under consideration is a single-link, 
and control is achieved on a relatively slow sampling 
frequency. A good overview of the topic, with several 
applicative example, is available in [21]. Other kind of 
mechanisms have been investigated by Boscariol for five 
bar link mechanism in [12] and four bar link mechanism in 
[23]. 
Currently, to the best of authors’ knowledge, there are no 
available works on the predictive control of spatial flexible-
link mechanisms. It should be mentioned that the majority 
of works in this area are application to planar mechanisms, 
often moving in the horizontal plane, thus without taking 
into account gravity. The aim of this paper is also to 
provide a feasible solution that can deal with the 
nonlinearities imposed by the presence of gravity force. 
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ሷ ൌ
	ܴሺݍሻ ܰሺݔ, ,ݕ ሻݖ ܶሺݍሻݎሷ  ܴሺݍሻ ܰሺݔ, ,ݕ ሻݖ ܶሺݍሻݑሷ  

2 ቀ ሶܴ ሺݍሻ ܰሺݔ, ,ݕ ሻݖ ܶሺݍሻ  ܴሺݍሻ ܰሺݔ, ,ݕ ሻݖ ሶܶሺݍሻቁ ሶݑ  

ሺ ሷܴ ሺݍሻ ܰሺݔ, ,ݕ ሻݖ ܶሺݍሻ  2 ሶܴ ሺݍሻ ܰሺݔ, ,ݕ ሻݖ ሶܶሺݍሻ 
ܴሺݍሻ ܰሺݔ, ,ݕ ሻݖ ሷܶሺݍሻሻݑ (5) 

If the kinematic entities of all the finite elements are 
gathered into one vector, differentiating Equation 1 with 
respect to time leads to: 

ܾ݀ ൌ ݑ݀   (6) ݎ݀

The configuration of the ERLS (as well as its velocity and 
acceleration) basically depends upon on the vector q of the 
free coordinates. This can be reformulated as: 

ݎ݀ ൌ ܵሺݍሻ݀(7) ݍ 

S(q) is the matrix of the sensitivity coefficients for all the 
nodes. Finally, by substituting Equation 7 into Equation 6 
the following equation in matrix form can be obtained: 

ܾ݀ ൌ 
ܫ ܵ
0 ܵ

൨ 
ݑ݀
ݍ݀ ൨ (8) 

 

2.2 Dynamics 
The dynamic equations of the system can be obtained by 
applying the principle of virtual works: 

௧ܹߜ  ௦௧ܹߜ  ௫௧ܹߜ ൌ 0 (9) 

which can also be written as: 

∑ ݑߜ
ሷݎሺܯ்  ሷݑ ሻ  2∑ ݑߜ

்ሺீܯଵ  ଶሻீܯ ሶݑ  
∑ ݑߜ

்ሺܯଵ  ଶܯ2  ݑଷሻܯ  ∑ ݑߜ
ݑܭ் ൌ

∑ ݑߜ ݂  ்݂ݑߜ 	 (10) 

in which the mass matrix of the i-th element is: 

 ܶ
்

ܰ
்ܴ

்ܴ ܰ ܶ௩ ݒ݀ߩ ൌ   (11)ܯ

The stiffness matrix of the i-th element is: 

 ܶ
்

௩ ܤ
ܤܦ் ܶ݀ݒ ൌ   (12)ܭ

The vector of the equivalent nodal loads due to gravity is: 

 ܶ
்

ܰ
்ܴ

்
௩ g	ߩ݀ݒ ൌ ݂ (13) 

The Coriolis terms are related to: 

 ܶ
்

ܰ
்ܴ

் ሶܴ  ܰ ܶ௩ ݒ݀ߩ ൌ  ଵ (14)ீܯ

 ܶ
்

ܰ
்ܴ

்ܴ ܰ ሶܶ௩ ݒ݀ߩ ൌ  ଶ (15)ீܯ

The centrifugal stiffness terms are: 

 ܶ
்

ܰ
்ܴ

் ሷܴ ௩ ܰ ܶߩ݀ݒ ൌ  ଵ (16)ܯ

 ܶ
்

ܰ
்ܴ

்2 ሶܴ  ܰ ሶܶ௩ ݒ݀ߩ ൌ  ଶ (17)ܯ2

 ܶ
்

ܰ
்

௩ ܰ ሷܶߩ݀ݒ ൌ  ଷ (18)ܯ

 

Being ߜ∅ the block-diagonal matrix which contains the 
virtual angular displacement and ܤ the strain displacement 
matrix, the following equations holds: 

ߜ ܶ
் ൌ ∅ߜ ܶ

் (19) 

Since the virtual nodal elastic displacements ݑߜ and virtual 
displacement of the ERLS ݎߜ are independent from each 
other and taking into account the damping trough Rayleigh 
model using α and β damping constants, Equation 10 can be 
subdivided in two equations: 

ሷݎሺܯ  ሷݑ ሻ  2ሺீܯଵ  ሶݑଶሻீܯ  ሶݑܯߙ  ሶݑܭߚ 
ሺܯଵ  ଶܯ2 ܯଷሻݑ  ݑܭ ൌ ݂  ݂ (20) 

ሷݎሺܯ்ܵ  ሷݑ ሻ  2்ܵሺீܯଵ  ሶݑଶሻீܯ  ݑܯ்ܵߙ 
்ܵሺܯଵ  ଶܯ2  ݑଷሻܯ ൌ ்ܵሺ ݂  ݂ሻ (21) 

Dynamic equations, after the substitution of the second 
order differential equations of the ERLS, can be grouped 
and rearranged in matrix from after discarding the 
equations for elastic degrees of freedom that have been 
zeroed: 

ቂ ܯ ܵܯ
ܯ்ܵ ܵܯ்ܵ

ቃ 
ሷݑ
ሷݍ ൨ ൌ

ቈ
െ2ሺீܯଵ ீܯଶሻ െ ܯߙ െ ܭߚ െܵܯሶ െሺܯଵ  ଶܯ2 ܯଷሻ െ ܭ
்ܵሺെ2ሺீܯଵ ீܯଶሻ െ ሻܯߙ െ்ܵܯ ሶܵ െ்ܵሺܯଵ  ଶܯ2 ܯଷሻ

 
ሶݑ
ሶݍ
ݑ
൩ 

ቂ ܯ ܫ
ܯ்ܵ ்ܵ

ቃ ቂ
݃
݂ቃ (22) 

Then, taking ݔ ൌ ሾݑሶ ሶݍ	  ,ሿ as the augmented state vectorݍ	ݑ	
and rearranging the matrices, the system expressing the 
dynamics of the mechanism can be written also as: 

 

൦

ܯ ܵܯ 0 0
ܯܶܵ ܵܯܶܵ 0 0
0 0 ܫ 0
0 0 0 ܫ

൪ ൦

ሷݑ
ሷݍ
ሶݑ
ሶݍ

൪ ൌ

൦

െ2ܩܯ െ ܯߙ െ ܭߚ െܯ ሶܵ െሺ1ܥܯ  2ܥܯ2  ሻ	3ܥܯ െ ܭ 0

ܵܶሺെ2ሺ1ܩܯ  2ሻܩܯ െ ሻܯߙ െܵܶܯ ሶܵ െܵܶ	ሺ1ܥܯ  2ܥܯ2  ሻ	3ܥܯ 0
ܫ 0 0 0
0 ܫ 0 0

൪ ൦

ሶݑ
ሶݍ
ݑ
ݍ

൪ 

൦

ܯ ܫ
ܯܶܵ ܵܶ

0 0
0 0

൪ ቂ
݃
݂ቃ (23) 

 
The values of acceleration can be computed at each step by 
solving the Equation 22, while the values of velocities and 
of displacements can be obtained by an appropriate 
integration scheme (e.g. the Runge-Kutta algorithm) and, 
hence, the dynamic behaviour of the system can be 
simulated. 

3 REFERENCE MECHANISM 

The model presented in the previous section is valid for any 
spatial mechanism with any number of free coordinates. 
Hence, an L-shape mechanism is chosen as the basis of the 
simulation. The mechanism is made by two steel rods, 
connected by a rigid aluminium joint. The kinematics and 
dynamics characteristics of the reference mechanism are 
reported in Table I. 
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ܣ ൌ ൦

ܯ ܵܯ 0 0
ܯ்ܵ ܵܯ்ܵ 0 0
0 0 ܫ 0
0 0 0 ܫ

൪

௫ୀ௫

 (28) 

 

ܤ ൌ 	 ൦

െ2ீܯ െ ܯߙ െ ܭߚ 0 െܭ ଵସܤ
்ܵሺെ2ீܯ െ ܯߙ െ ሻܭߚ 0 0 ଶସܤ

ܫ 0 0 0
0 ܫ 0 0

൪

௫ୀ௫

 (29) 

in which: 

ଵସܤ ൌ െ
డ

డ
.


ிࢍ


డி
డ

 (30) 

ଶସܤ ൌ
డௌ

డ
. ࢍܨ  ்ܵ.

డிࢍ
డ

 (31) 

where ࢍܨ represents the gravity force. 
Clin is unaltered by the linearization procedure since is 
composed of only zeroes and ones. Finally, the standard the 
state-space form of Alin, Blin and Clin can be easily extracted: 

൜
ሶݔ∆ ൌ ݔ∆ܨ  ݒ∆ܩ
ݕ ൌ ݔܪ  ݒܦ

 (32) 

where: 

ܨ ൌ ܣ
ିଵ	ܤ

ܩ ൌ ܣ
ିଵܥ

 (33) 

 
4.1 Accuracy of the linearized Model 
In this subsection, a simple comparison test in order to 
evaluate the extracted accuracy linearized model has been 
described. The mechanism, introduced in section 3, has 
been fed with 5 Nm torque impulse with 0.05 sec delay in 
the initial configuration of	ݍ ൌ 90°, i.e. starting from the 
vertical position; however, it should be mentioned that the 
test can be implemented to any mechanism configuration 
with similar results.  
From the Figure 4 and 5 it can be inferred that linearized 
model has a very high level of precision as well as the 
rotation motion of q is considered. As can be seen from the 
Figure 4, the response of the linear and nonlinear models of 
q as the generalized coordinate is very close and similar to 
each other; however, the difference between them increases 
when moves away from the equilibrium point. Additionally, 
it can be inferred from Figure 5 that the error on q increases 
slowly as the error after 0.4 s is around 0.06%. 
Figure 6 shows a comparison of the responses of nonlinear 
and linearized system impulsive on the subject of nodal 
displacements u11. According to Figures 6, the difference 
between the linear and nonlinear modelling of u11 are 
negligible while the mechanism moves from the 
equilibrium configuration as far as u11 is concerned. Figures 
7 shows the modelling error on u11, which is very small at 
beginning of the motion and grows slowly during the 
mechanism manoeuvre. 

 

 

Figure 4  Comparison between linear and nonlinear 
impulsive response: angular position ݍ 

 

 

Figure 5  Comparison between linear and nonlinear 
impulsive response: percentage error on angular position ݍ 

 

 

Figure 6  Comparison between linear and nonlinear 
impulsive response: elastic displacement ݑଵଵ 
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Figure 7  Comparison between linear and nonlinear 

impulsive response: error in radian  
on elastic displacement ݑଵଵ 

 
4.2 State Observer 
Fundamentally, a state observer estimates the state 
variables by means of measuring a subset of the output and 
control variables in order to reconstruct the state of a 
system where the measurement is difficult or even 
impossible in some specific situations. 
A brief explanation of the Kalman observer used in our 
system, is summarized here. For more details about 
methodology and designing refer to [17]. 
Basically an observer design depends upon on two basis, a 
linear time invariant dynamic model of the system and 
linear relation between the state variables and the sensed 
outputs. The dynamic of the overall system is described 
very briefly by the following system of equations: 

ሶݔ∆ ൌ ොݔ∆ܨ  ݑ∆	ܩ  ݕ∆ሺܮ െ  ොሻ (34)ݕ∆

ොݕ ൌ  ො (35)ݔ∆ܪ

ݖ∆ ൌ െܹ∆ݔො (36) 

e ൌ ොݔ∆ െ  (37) ݔ∆

where e and L are the vector of the errors of the state 
variable estimates (ݔො) and the time invariant gain matrix of 
the asymptotic Kalman estimator, respectively. 
Additionally W is the time invariant gain vector of linear 
regulator and F and H matrices are used to assess the 
system observability as well. The control vector is shown 
by u while y and ݕො  present the real output signals and 
estimated ones respectively. G is a matrix which is related 
to the linearized model of the equilibrium configuration. 
However, it should be noticed that these equations only 
hold in the neighbourhood of an equilibrium configuration. 
In order to evaluate our system observer, a similar test 
described in the previous subsection with the same input 
and configuration has been implemented. In this test 
knowledge about nodal displacement u19 and generalized 
coordinate q are available by the measurement in the 
purpose of estimating all states of the system.  
 

 
From the Figure 8 and 9, it can be concluded that the 
Kalman observer has a good accuracy for estimating the 
generalized coordinate q as a one system state. Regarding 
the Figure 8, the impulsive response of nonlinear and 
observer are very similar; although, more far from the 
equilibrium point, more differences among the responses. 
Particularly, Figure 9 shows the error on q that is, after 0.4 
sec the error between nonlinear and estimator is still so 
small and converge to zero. 
Figure 10 illustrates the comparison between the impulsive 
respond of actual measurement of displacement u19 and 
estimated u19 by Kalman observer. As it can be seen from 
Figure 11 the difference is not so significant during the 
transient. Nevertheless they increase as the mechanism 
moves from the equilibrium configuration. In particular the 
difference on u19 between the nonlinear system and the 
observer are so small as long as the motion from the 
original position is kept.  

 

 

Figure 8  Comparison between measured and estimated 
angular position q 

 

 

Figure 9  Percentage error on estimation  
of angular position q 
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Constrained MPC controller has ability to take into account 
constraints of physical systems in its future control 
performance calculations. The formulation used in this 
paper allows to define constraints as follows: 

ݕ  ݕ   ௫ (41)ݕ

And inputs constrains can be defined as: 

ݓ∆  ݓ∆   ௫ (42)ݓ∆
ݓ  ݓ   ௫ (43)ݓ

6 RESULT OF MODEL PREDICTIVE CONTROL  
WITH CONSTRAINT 

In this section the results of several numerical tests are 
provided and discussed to show the capabilities of the MPC 
controller for position and vibration control of flexible 
mechanisms. The tuning of the MPC controller depends on 
weight on u19, weight on q, sampling time (Ts), prediction 
horizon (Hp) and control horizon (Hc). 
In practical applications, the values of Ts, Hp and Hc should 
be selected on the basis of the available computational 
resources. The computational cost of solving the 
optimization problem of each iteration of the controller 
depends on both Hp and Hc. 
Generally speaking, longer Hc results in aggressive control 
action while longer Hp causes more damped response and 
more precise reference tracking [12]. 
The whole behaviour of the controller relies on a large set 
of variables. Constraints on actuation torque are chosen to 
comply with the physical limitations of the actuator. Other 
parameters can be tuned quite freely. In this case, 
constraints can be imposed on elastic displacement (u), 
angular position (q) and input torque ሺ߬ሻ as: 

ݑ
 ݑ    , k = 1… 24 (44)	ೌೣݑ

ݍ  ݍ   ௫ (45)ݍ

߬  ߬	  ߬௫ (46) 

It should be mentioned that in our system just the constraint 
on torque, which is  െ8  ߬  8 Nm, is active. 
In the following the effects of choosing different values for 
tuning parameters of MPC controlled are discussed by 
means of numerical tests. 

6.1 Effects of fc on the Closed-loop System 
Figure 13 and 14 demonstrate the response of angular 
position q and elastic displacement u12 with different 
sampling frequency. In all the tests reported in this work, 
the mechanisms performs a 30 degree of rotation in 
counter-clockwise direction starting from the horizontal 
position. 
It can be seen from Figure 13 that the performance of the 
angular position response for both values of sampling 
frequency 100 Hz and 1kHz are very similar; however, it 
should be mentioned that  the values of Hp and Hc are 
chosen 20 and 5 for fc = 100 Hz and 200 and 50 for 
fc=1kHz, respectively. The vibration amplitude for the 
system with fc=100 Hz is bigger than the system with fc=1 

kHz during the transient as it is depicted in Figure 14 for 
elastic displacement u12. The more effective vibration 
damping achieved by the 1 kHz control can be explained by 
taking into consideration the faster control has a sufficient 
bandwidth to take into account all the significant vibration 
modes of the flexible mechanism. 
 

 

Figure 13  Response of the Angular position q at with 
different sampling frequency, 1 kHz and 100 kHz  

 

Figure 14  Effect analysis of different sampling frequency 
(fc) on the elastic displacement u12  

 

Figure 15  Applied torque to the mechanism 
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From the Figure 15 it can be inferred that applied torque by 
the control system is within the range defined by the 
constraint. 
 
6.2 Effects of Hc and Hp on the Closed-loop System 
In Figure 16 and 17 the effects of choosing different control 
horizon has been investigated. It can be inferred that tuning 
the Hc parameter has a limited effect on the response of the 
closed loop system. Consequently, Hc can be increased up 
to Hp but the performance of the controller will not be 
improved significantly. In most cases Hc should be kept 
quite small, since a longer control horizon increases the 
computational effort required to solve the minimization 
problem defined by Equations 38-40.  
Regarding Figure 18 and 19, changing the value of the 
prediction horizon (Hp) has a significant effect on the 
performance of the controller. As it can be inferred from 
Figure 18, selecting bigger value for Hp causes more 
damped response for angular position q; conversely, 
smaller value for Hp result in more aggressive response. A 
similar consideration can be achieved by analysing the 
Figure 19, which reports the time evolution of elastic 
displacement u12.  

 

Figure 16  Effect analysis of different control horizon (Hc) 
on angular position q 

 

 

Figure 17  Effect analysis of different control horizon (Hc) 
on elastic displacement u12  

 

Figure 18  Effect analysis of different control horizon (Hp) 
on angular position q 

 

Figure 19  Effect analysis of different control horizon (Hp) 
on elastic displacement u12 

 
Again, higher values of the prediction horizon leads to a 
higher damping of vibrations.  
Therefore we can conclude that the prediction horizon 
should be set as high as the computational resources allows 
it. Since the performance of the closed-loop system are less 
sensitive to the choice of the control horizon, Hc can be set 
to a low value to reduce the computational effort required 
to solve the optimization problem. 

7 ROBUSTNESS 

In this section the results of two tests which are 
implemented in order to evaluate robustness of the 
proposed control scheme are discussed. 
Several simulations have been performed with applying the 
same control system on the nonlinear model with different 
parameters. The tests have been done with uncertainties of 
different sign (i.e. +20%, -20%) on the mechanism links 
lengths (L=L1+L2) and on the Young’s elastic modulus E. 
These tests that have been developed in order to evaluate 
the robustness properties of the proposed control scheme, 
using an approach already reported in other works such as 
[14,19]. 
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In Figure 20 the effects of changing the mechanism length 
(L=L1+L2) of the mechanism have been shown. According 
to the Figure 20, the tolerance in the mechanism length 
does not bring the closed loop to instability. If the actual 
length of the links is 20% larger than the nominal value, the 
response of the system will be more damped. On the other 
hand, by decreasing by 20% the mechanism length, the 
overshoot of angular position q is increased with respect to 
the nominal case. 
Thus it can be inferred that the developed controlled is 
quite robust to this kind of uncertainty, as far as angular 
position tracking is concerned. It can be seen in Figure 21 
that also vibration damping is influenced by mismatches in 
mechanism length. If mechanism length is under-estimated, 
a more effective vibration damping can be achieved, since 
the overall response of the closed-loop system is slower. 
According to Figure 22 and 23, changing the value of 
elastic modulus E of a + 30% does not alter significantly 
the performance of the control scheme, thus the designed 
MPC controller is also robust respect to changes in the 
vibration models of the plant. 

 

Figure 20  Robustness analysis of the change in the 
mechanisms links lengths (L=L1+L2) on angular position q 

 

Figure 21  Robustness analysis of the change in the 
mechanisms links lengths (L=L1+L2) on elastic 

displacement u12 

 

 

Figure 22  Robustness analysis of the change of elastic 
modulus E on angular position q 

 

 

Figure 23  Robustness analysis of the change of elastic 
modulus E on elastic displacement u12 

 

8 MPC CONTROLLER VS. PID CONTROLLER 

In this section a comparison between results of MPC and 
PID controller has been made and discussed. While PID 
controller are applied in single loop controllers, MPC 
controller are used for overall system. PID controllers 
support only a single input put system but MPC are 
applicable in multi input and multi output systems (MIMO 
system). 
As is shown at Figure 24 PID controller follow the target 
reference with high speed and low error but with 
remarkable overshoot ( 35%). The tuning of the PID 
control has been chosen to provide for a similar rise time. 
Moreover, it can be inferred from the Figure 25 that the 
amplitude of elastic displacement u12 is significantly larger 
if a simple PID controller is used. 
It can be therefore inferred that in this case MPC control 
outperforms PID, which is currently the most widely used 
control technology in industrial applications. 
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Figure 24  Response of the closed loop system with PID 
and MPC controller on angular position q 

 

 

Figure 25  Response of the closed loop system with PID 
and MPC controller on elastic displacement u12 

CONCLUSION 

In this work, a model predictive control with constrains for 
a 3D L-shape mechanism has been designed and tested. The 
dynamic behaviour of the flexible mechanism is described 
by means of a high accurate finite element method, based 
on the equivalent rigid link system (ERLS) theory and 
accounting for geometric nonlinearities and gravity force. 
In order to develop the constrained MPC controller the 
dynamic model of the mechanism is linearized; 
accordingly, a Kalman state observer has been developed as 
well. The proposed control scheme allows to minimize a 
performance index which takes into consideration both the 
amplitude of vibrations and the angular position of the 
mechanism. Meanwhile two tests on different perturbed 
plants has been implemented in order to analyse the 
robustness performance of the proposed control scheme. 
Finally a comparison between performance of the standard 
PID controller and MPC controller performance has been 
done and the results show that MPC controller not only is 
very effective for both reference position tracking and 

vibration suppression but also represent a high level of 
robustness to uncertainties on the plant. 
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